I study Hankel determinants of a class of sequences which can be interpreted as generalizations of the Catalan numbers and the central binomial coefficients. They follow a modular pattern with a frequent appearance of zeroes, so that the theory of orthogonal polynomials is not applicable. Even so our theorems and conjectures show some similarity with the relations between Catalan numbers and Fibonacci polynomials or between central binomial coefficients and Lucas polynomials.
A survey of some known results
As is well known there is a close relationship between orthogonal polynomials and Hankel determinants. In order to make this paper self-contained proofs will be given in section 2.
Most results of this paper can be interpreted as extensions of the following simple examples. (Precise definitions will be given later). t n  Therefore they are orthogonal with respect to some linear functional . F
The corresponding moment sequence is the sequence of aerated Catalan numbers, i.e. The moments can be computed from the well-known identity (cf. e.g. [6] , (1.7)) 1 This can be deduced from the identity (cf. e.g. [6] , (1.6)) 
The generating function of the aerated Catalan numbers is
We start with Theorem A which has appeared in the literature in many different disguises (cf. e.g. [1] , [8] , [10] , [14] ). For the sake of completeness we will sketch a proof in Section 2. which satisfies
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Then the Hankel determinants up to order 2 of the sequence
The main example occurs for ( , , ) Note that for x y  the expression n n x y x y   has to be interpreted as 1 .
It should be noted that in this special case all Hankel determinants are explicitly known (cf. e.g. [10] , Theorem 33, [13] , [5] or [7] ):
But in the general case it is unlikely that such explicit formulae exist. Therefore I restrict myself in this paper to the computation of the Hankel determinants up to order 2. 
An equivalent version of Theorem A is
. 
The main example is the sequence of central binomial coefficients
with generating function
which we already encountered in Example 2.
The Hankel determinants of orders 0 to 2 are
Here too all Hankel determinants are explicitly known (cf. e.g. [5] , [7] , [10] , [13] ) : 
A proof will be given in Section 2.
Remark 1.4
As a further example consider the sequence of central trinomial coefficients 
is the periodic sequence   2,1, 1, 2, 1,1,     with period 6 , and 
Hankel determinants and orthogonal polynomials
As already mentioned there is a close connection between Hankel determinants and orthogonal polynomials. This can be sketched in the following way (cf. e.g. [10] , [5] or [14] ).
Let ( ( )) a n be a sequence of real numbers with (0) 1. a  If all Hankel determinants are unequal to 0 , ( 1) ( 2 1) n n a a a n a a a n z p z a a a n z d n a n a n a n z
are orthogonal with respect to the linear functional F defined by ( ) ( ).
n F z a n  Note that we define
The sequence ( ( )) a n is uniquely determined by the sequences ( ) s n and ( ) t n . For define ( , ) v n j as the uniquely determined coefficients in 0 ( , ) ( , ).
Comparing coefficients in
The numbers ( , ) v n j can be interpreted as weights of some lattice paths: Consider non-negative lattice paths from (0,0) to ( , ) n j with horizontal steps
Define the weight 0 w of a path as the product of all steps of the path, where 0 ( ) 1,
k The weight of a set of paths is defined as the sum of their weights. Then ( , ) v n j is the weight of the set of all lattice paths from (0,0) to ( , ) n j and ( ,0) ( ). v n a n  The Hankel determinant
To prove this observe that each non-negative lattice path from (0,0) to
The weight of all paths from (0,0) to ( , ) m i is ( , ) v m i and the weight of all paths from ( , ) m i to ( ,0) m n  is the same as the weight 1 ( , ) v n i of all paths from (0,0) to ( , ) n i with the 
From (2.2) it is clear that
From the condensation formula for determinants (cf. [10] , p.17) we get for the Hankel determinants
Proof of Theorem A
If we set Moreover we see that 
With induction we get
  we get the sequence of aerated Catalan numbers (1,0,1,0,2,0,5,0, )  . In this case we get (cf. e.g. [5] , [6] , [7] or OEIS A053121)
The corresponding orthogonal polynomials are
A comparison with the orthogonality relation for the Chebyshev polynomials of the second kind
Thus we get a representation of the linear functional F as an integral
For ( ) ( , , ) a n c n a b  the orthogonal polynomials corresponding to Theorem A* satisfy 
By (2.12) we get
For ( ) ( , , , ) a n C n a b t  we get in the same way
.
Proof of Theorem B*
To prove Theorem B* we define ( , ) v n j by the generating functions 0 ( ) ( , ) ( , , ) ( , , ) .
The first line means that 
Remark 2.3
For ( , ) (2,1) a b  it is easily verified (cf. e.g. [5] , [7] ) that (2.5) holds with 2 ( , )
we have
Comparing with (2.16) we get the well-known formula
Remark 2.4
The orthogonal polynomials belonging to Theorem B* are ( ) ( , ). The coefficients ( , , , , ) C n m a b t can be regarded as generating functions of weighted non-negative lattice paths:
In the sequel for given m we always consider lattice paths from (0,0) to ( ,0) n with horizontal steps
The weight of a set of paths is defined as the sum of their weights. 
Proof
This is clear since the generating function of all non-trivial paths which start with a horizontal step is (0) ( ) s zf z and each other path has a unique decomposition of the following form: an up-step, a maximal path which never falls under height 1 and ends on height 1, a down-step to height 0 and a further nonnegative path which ends on height 0. 
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We are interested in the Hankel determinants   
Remark 3.3
More information about such paths can be found in [2] . For 2 m  (3.9) is the same as (2.24).
It should be noted that there are also other paths which give the same weights. For example consider all paths from (0,0) to ( , ) n n with horizontal steps ( ,0), m vertical steps (0, ) m and diagonal steps (1,1). If there are k horizontal steps there must also be k vertical steps and n mk  diagonal steps. Thus we get the same formula.
The generating function can be obtained in the same manner as in [11] 
Here too we are interested in computing the Hankel determinants
We found some facts for 2 m  but could not find proofs for our conjectures.
The special case
1. m  The case 1 m  can be reduced to 2 m  since by (3.7) it is easily seen that 
Remark 4.2
The main example is the sequence of large Schröder numbers     
More generally we get
Proof.
By ( 
In the same way we can compute the determinants (1) 
. More precisely we have
The same holds for the determinants ( ) ( , , ). 
(1 , 
But this follows immediately from the fact that , , , , .
we have an analogous decomposition. The only difference is that
In the same way using (4.11) we get Theorem 5.5 
It is easily verified that In the general case we use the Lindström -Gessel-Viennot theorem (cf. e.g. [10] , Theorem 6, [3] , [12] , [14] ). It implies that
where  runs through all permutations of   
. We call these 3n  sets exceptional and the other 3n  sets normal.
It is easily seen that no (3 1) n  set can contain a normal 3n  set and that each exceptional * 3n
S is contained in precisely one (3 1) n  set   Each normal 3n  set is also contained in precisely one (3 2) n   set.
Each (3 1) n  set can also uniquely be enlarged to a (3 2) n   set by adjoining the path It is now routine matter to verify (6.6).
To compute the Hankel determinants This follows in the same way as above.
Now we can deduce 1
